The generalized CP transformations can only be consistently defined in the context of ∆(3n 2 ) lepton symmetry if a certain subset of irreducible representations are present in a model. We perform a comprehensive analysis of the possible automorphisms and the corresponding CP transformations of the ∆(3n 2 ) group. It is sufficient to only consider three automorphisms if n is not divisible by 3 while additional eight types of CP transformations could be imposed for the case of n divisible by 3. We study the lepton mixing patterns which can be derived from the ∆(3n 2 ) family symmetry and generalized CP in the semi-direct approach. The PMNS matrix is determined to be the trimaximal pattern for all the possible CP transformations, and it can only take two distinct forms. *
Introduction
A large number of neutrino oscillation experiments have established that neutrinos are massive and the flavor mixing between the different lepton generations are described by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix which are parameterized by three mixing angles θ 12 , θ 13 and θ 23 , one Dirac CP violating phase δ CP and two additional Majorana phases α 21 and α 31 if neutrinos are Majorana particles [1] . So far all the three mixing angles have been measured [2, 3, 4] . However, all the CP phases are unconstrained at 3σ level, although weak evidence for a maximal Dirac phase δ CP 3π/2 have been observed by the T2K collaboration [5] .
The origin of neutrino masses and mixing parameters is a longstanding open question in particle physics. The discrete symmetry approach has been widely explored to understanding the observed pattern of neutrino mixing, see Refs. [6, 7, 8, 9, 10] for review. In this approach, it is assumed that there is a finite, non-Abelian flavor symmetry G f at some high energy scale, and the standard model particles are assigned to its irreducible representations. Subsequently G f is broken down to different residual subgroups G ν and G l in the neutrino and charged lepton sectors respectively. The PMNS matrix is completely fixed by the mismatch of the embedding of the residual subgroups G ν and G l into the flavor symmetry group G f . It is not necessary to specify the breaking mechanism in order to predict the lepton mixing parameters.
In general, there are three possible implementations of flavor symmetries, known as "direct", "semi-direct" and "indirect" [8] . In the "direct" approach, all the low energy residual symmetry of the neutrino mass matrix is a subgroup of G f such that both mixing angles and Dirac phase would be predicted to be some constant values. For neutrinos being either Majorana particles or Dirac particles, it is found that only possible mixing pattern which would agree with current data is the trimaximal mixing, δ CP is conserved, and the flavor symmetry group G f is larger [11, 12, 13] . In the "semi-direct" approach, the symmetry of the neutrino mass matrix, typically Z 2 , is partially contained in G f . As a consequence, only one column of the PMNS matrix could be fixed and an arbitrary unitary rotation in the degenerate subspace of the neutrino residual symmetry is allowed. In this way, the experimental data in particular non-vanishing θ 13 can be easily accommodated without needing larger flavor symmetry group G f . Recently this approach is extended to include the generalized CP as a symmetry [14, 15] . This can lead to a very predictive scenario in which all the mixing angles and CP phases only depend on one single real parameter [14] . The generalized CP symmetry was firstly explored in the context of continuous gauge groups [16, 17] , and the so-called µτ reflection is a typical predictive generalized CP transformations [18, 19, 20] . In order to give a consistent definition of generalized CP transformations in the presence of discrete flavor symmetry, certain consistency condition must be fulfilled [15, 21] . The relationship between neutrino mixing and CP symmetry has been clarified [22, 23, 24] , and the master formula to reconstruct the PMNS matrix from any given remnant CP transformation has been derived [22, 23] . The phenomenological predictions and model building of combining discrete flavor symmetry with generalized CP have already been studied for a number of groups in the literature including A 4 [25] , S 4 [14, 26, 27, 28, 29, 30] , A 5 [31, 32, 33, 34] , ∆ (27) [35, 36] , ∆ (48) [37, 38] , ∆(96) [39] and the infnite series of finite groups ∆(3n 2 ) [40] and ∆(6n 2 ) [40, 41, 42] . Based on our previous discussions of smaller ∆(3n
2 ) [37, 38] combined with generalized CP, we shall perform a comprehensive study of all possible automorphisms of the ∆(3n 2 ) group for general n and corresponding CP symmetry and its predictions for the lepton flavor mixing in the "semi-direct" framework.
The distinction between the present work and the ∆(3n 2 ) part of Ref. [40] is that the latter focuses on a particular set of CP transformations represented by µτ reflection and it only considers the ∆(3n 2 ) groups with n not divisible by three, whereas our dedicated analysis here is more general. This paper is structured as follows. In section 2, the basic aspects of the ∆(3n 2 ) group are reviewed. A complete classification of the permissible automorphisms of ∆(3n 2 ) group and explicit form of the corresponding generalized CP transformations are presented in section 3. We study the possible mixing patterns which can be achieved in the "semi-direct" approach from the ∆(3n 2 ) family symmetry and generalized CP in section 4. Finally we summarize and present our conclusions in section 5. The Clebsch-Gordan coefficients of the ∆(3n 2 ) group are collected in Appendix A, they would be useful in concrete model building. 2 The group theory of ∆(3n
, generated by the elements c and d, and the Z 3 generator is written by a. These three generators a, b and c fulfill the following rules [43] 
Since we have d = a −1 ca, only two generators a and c are independent. All the group elements can be written as
where α = 0, 1, 2 and γ, δ = 0, 1, 2, . . . n−1. The ∆(3n 2 ) group have been thoroughly studied in Ref. [43] . In the following, we shall review the basic aspects which are relevant to our present work. Depending whether or not n is divisible by 3, the 3n 2 elements of ∆(3n 2 ) can be categorized into the following conjugacy classes:
where ρ, σ = 0, 1, . . . , n − 1, and the prefix before each class represents the number of elements in the class. Although ρ and σ can take n 2 − 1 possible values, the triples (ρ, σ), (−ρ + σ, −ρ) and (−σ, ρ − σ) lead to the same class, we have (n 2 − 1)/3 classes of the form 3C
(ρ,σ) 1 . Notice that all the elements in both n 2 C 2 and n 2 C 3 are of order three.
• n = 3 Z
where τ = 0, 1, 2, and we have (n 2 − 3)/3 three-element classes of form 3C are of order three as well.
The irreducible representation of the ∆(3n
2 ) group is either one-dimensional or threedimensional. If n isn't divided by three, ∆(3n 2 ) has three singlet representations and (n 2 − 1)/3 triplet representations while it has nine singlet representations and (n 2 − 3)/3 triplet representations if n can be divided by three. The explicit form of the representation matrices are as follows.
• One-dimensional representations
with r, s = 0, 1, 2 and ω ≡ e 2πi/3 .
• Three-dimensional representations
where η ≡ e 2πi/n and k, l = 0, 1, . . . , n − 1 with (k, l) = (0, 0). The notation denotes the mapping
The reason is that the representations labeled by the three pairs (k, l), (−k − l, k) and (l, −k − l) are equivalent. Notice that the representation matrix of the generator a is the same in all triplet representations. 3 (k,l) and 3 (k ,l ) are complex conjugate of each other if k + k = n and l + l = n. One can check that 3 (1,n−1) is always a faithful representation of ∆(3n 2 ) no matter whether n is divisible by three or not. On the other hand, 3 (1,1) is a faithful representation for n = 3 Z while it is not for n = 3 Z as we have ρ 3 (1, 1) 
The ∆(6n 2 ) group can be obtained from ∆(3n 2 ) by including another generator b which fulfills the following relations [44] 
The element of ∆(6n 2 ) can be expressed as g = a α b β c γ d δ , where α = 0, 1, 2, β = 0, 1 and γ, δ = 0, 1, . . . , n − 1. ∆(6n 2 ) group has 2n − 2 three-dimensional irreducible representations denoted as 3 1,k and 3 2,k , and the representation matrices of the generators are given by [44] 
with k = 1, 2, . . . , n − 1. We see that 3 1,k differs from 3 2,k in the overall sign of the generator b and the representation matrices for the generators a, c and d coincide with those of ∆(3n 2 ) in the triplet representation 3 k,n−k .
Automorphism of ∆(3n
2 ) group and the generalized CP transformations
The interplay between flavor symmetry and generalized CP symmetry has been comprehensively discussed [16, 17, 15, 14, 26, 21] . It is nontrivial to consistently define a generalized CP symmetry in the presence of a flavor symmetry G f . The generalized CP symmetry has to be compatible with the family symmetry G f , and the following consistency condition should be satisfied [16, 17, 15, 14, 26] :
where ρ r (g) denotes the representation matrix of the element g in the irreducible representation r, and X r is the so-called generalized CP transformation. Hence the generalized CP transformation is related to an automorphism u which maps g into g . Furthermore, it was shown that the physical CP transformations have to be given by class-inverting automorphism of G f [21] . In this work, we shall investigate the ∆(3n 2 ) series as the family symmetry group. With the help of the computer algebra program system GAP [45] , we have studied the automorphism group of ∆(3n 2 ) with n = 1, 2, . . . , 26. Note that the ∆(3n 2 ) groups with n > 26 are not available in GAP at present. We find that the ∆(3n 2 ) group generally doesn't have class-inverting automorphism except the first two smallest ones ∆(3 · 1
2 ) ∼ = Z 3 and ∆(3 · 2 2 ) ∼ = A 4 . The same conclusion has been reached in Ref. [40] . Therefore generically one is not able to introduce physically well-defined CP transformations within the context of ∆(3n 2 ) flavor symmetry. However, if a concrete model contains only a subset of irreducible representations for which an automorphism u exists and it exchanges each of these representations with the complex conjugate, one can impose the generalized CP transformation corresponding to u to be a symmetry. In the following, we shall perform a comprehensive study of all possible admissible CP transformations. Firstly we shall concentrate on the case of n = 3 Z.
Obviously the elements g and g in the consistency equation of Eq. (10) should be of the same order, and the characters of g and g are conjugate. As a result, the generator a could be mapped into an element belonging to the conjugacy class n 2 C 2 or n 2 C 3 . Without loss of generality, it is sufficient to consider two scenarios that a is mapped to a or a 2 , since the automorphism which maps a into other element of n 2 C 2 and n 2 C 3 can be generated by performing group conjugation further. In a similar fashion, another generator c should be mapped to an element in the conjugacy class 3C
. Notice that the representation matrix of the generator a is of the same form for all the triplet representations and representation matrices of the class 3C
are diagonal in our working basis. By studying the consistency equation of Eq. (10) for both generators a and c, we find that the CP transformation for the automorphisms mapping a to a 2 is always of the form
up to flavor symmetry transformations of a and a 2 . On the other hand, the CP transformation for the automorphisms mapping a to a is always an identity matrix up to flavor transformation of a and a 2 , i.e.
As a consequence, all possible admissible CP transformations of ∆(3n 2 ) can be fixed by considering three representative automorphisms. The first one is
Under the action of this automorphism, the different conjugacy classes are transformed into
Notice that 3C
is generically not the inverse class of 3C
(ρ,σ) 1 unless ρ = σ, ρ = 0 or σ = 0. Therefore u 1 is not a class-inverting automorphism. This automorphism u 1 acts on the irreducible representations of ∆(3n 2 ) as follows
where 1 r u1 −→ 1 −r is to be read as ρ 1 −r = ρ 1r • u 1 etc. Therefore the three singlets 1 r with r = 0, 1, 2 and the triplet representations 3 (k,k) with k = 1, 2, . . . , n − 1 can be present while other three-dimensional representations should be absent in order to consistently define the generalized CP transformations corresponding to the automorphism u 1 . In the case of n = 2, the flavor symmetry group ∆(3 · 2 2 ) ∼ = A 4 has four irreducible representations 1 0 , 1 1 , 1 2 and (1, 0) , the CP transformation associated with the u 1 can be imposed onto an A 4 model regardless of the field content. The explicit form of the CP transformation related to u 1 is determined by the following consistency equations:
which yields
Furthermore, including the inner automorphism conj(g) : h → ghg −1 with g, h ∈ ∆(3n 2 ), which is described by a group transformation [15, 14, 26] , we find the following CP transformations are also admissible
where α = 0, 1, 2 and γ, δ = 0, 1, 2, . . . n − 1. The associated automorphism conj(a α c γ d δ )u 1 can map the generators a and c into any element of n 2 C 3 and 3C
respectively. The second representative automorphism u 2 is generated by
The conjugacy classes are mapped into
This automorphism u 2 acts on the irreducible representations as
Therefore one can impose the CP transformation corresponding to the automorphism u 2 in the presence of ∆(3n 2 ) flavor symmetry if a model contain the irreducible representations 1 r (r = 0, 1, 2) and 3 (k,n−k) with k = 0 for which u 2 exchanges each of these representations by its conjugate. The CP transformation matrix is a representation of the automorphism u 2 in the sense of consistency equations:
which lead to
which is of the same form as X u 1 . By performing a CP transformation followed by a group transformation
is also a viable CP transformation, and it can map the generators a and c into any element of n 2 C 3 and 3C
(1,0) 1 respectively. Finally the last representative automorphism u 3 is given by
The action of the automorphism u 3 on the conjugacy classes of ∆(3n 2 ) is as follows
This automorphism u 3 interchanges each three-dimensional representation with its complex conjugate, i.e.
Therefore only the nontrivial singlets 1 1 and 1 2 should be absent in a model in order to consistently combine the CP transformation corresponding to u 3 and the ∆(3n 2 ) flavor symmetry. Obviously the CP transformation X u 3 is a unit matrix for all the triplet representations, i.e.
After considering the inner automorphism, the generalized CP transformations are found to be of the same form as the flavor symmetry transformation ρ 3 (k,l) (a α c γ d δ ) in our working basis, and it can map the generators a and c into any element of n 2 C 2 and 3C
respectively. This form of CP transformation has been considered in Ref. [40] .
Following the same method, in the case of n = 3 Z, the automorphism of ∆(3n 2 ) group can map the generator a into an element of the class
3 . The generator c should be mapped to an element in the conjugacy class 3C
(ρ,σ) 1 except the case of n = 3 (the flavor symmetry is then ∆ (27) ). The possible outer automorphisms and the corresponding generalized CP transformations are summarized in Table 1 .
We would like to remind that ∆(6n 2 ) group has a unique class-inverting outer automorphism for n = 3 Z, and the corresponding CP transformations are of the same form as the family symmetry transformations in the working basis given by Eq. (9), i.e. X r = ρ r (a α b β c γ d δ ) [42] . In the case of n = 3 Z, the same set of generalized CP transformation can be imposed onto a model if the fields transforming as doublet representations 2 2 , 2 3 and 2 4 are not included [42] .
Possible lepton mixing from the semi-direct approach
In the present work, both family symmetry ∆(3n 2 ) and the generalized CP symmetry would be included at high energy scale. We shall perform a model-independent analysis of the possible lepton mixing patterns enforced by the residual symmetries of the neutrino and the charged lepton sectors. As usual, the three generations of the lepton doublet fields are assigned to an irreducible triplet representation of ∆(3n 2 ). The light neutrinos are assumed to be Majorana particles such that the residual flavor symmetry G ν of the neutrino sector must be restricted to a Klein subgroup or a Z 2 subgroup of ∆(3n 2 ). ∆(3n 2 ) has a unique Klein subgroup 1,
if and only if n is an even number. In the case that the full Klein symmetry is preserved by the neutrino mass matrix, i.e.,
, and the residual flavor symmetry G l of the charged lepton sector ia an abelian subgroup generated by the generators c and d, the lepton mixing matrix would be a trivial unit matrix up to permutations of rows and columns. Obviously this scenario is already excluded by the present neutrino oscillation data. On the other hand, if
we find that all elements of the PMNS matrix have the same absolute value, i.e.
Therefore both solar mixing angles and atmospheric mixing angles are predicted to be maximal, and the value of the reactor mixing angle is sin 2 θ 13 = 1/3 which is outside the experimentally preferred 3σ ranges [2, 3, 4] . In the next step, we shall proceed to analyze Table 1 : Classification of the automorphisms of the ∆(3n 2 ) group with n = 3 Z and the corresponding CP transformations, where the parameters r, s = 0, 1, 2 and k, l = 0, 1, . . . , n − 1. Note that the triplet representation 3 (k,l) with (k, l) = (0, 0), (
3 ) is reducible. "rep" is the abbreviation of "representation". "Rep contents" stands for the irreducible representations which can be present in a model if one impose the CP transformation corresponding to a automorphism to be a symmetry.
all the possible lepton mixing patterns in the "semi-direct" method. In this approach, the ∆(3n 2 ) flavor symmetry is broken down to an abelian subgroup G l in the charged lepton sector, and the remnant symmetry preserved by the neutrino mass matrix is Z 2 × CP . If G l is generated by c and d, one column of the PMNS matrix would be fixed to be (1, 0, 0) T up to permutations. The experimental data can not be accommodated. As a result, we shall concentrate on the case of G l = Z 
This implies that m † l m l and ρ 3 (k,l) (ac s d t ) are commutable with each other and they can be diagonalized by the same unitary matrix. From the explicit from of the representation matrices given in Eq. (6), we find that
where the unitary transformation U l is
ls−(k+l)t n ωe −2πi
From the invariance condition of Eq. (30), it follows that U l also diagonalizes m † l m l . Then we turn to the neutrino sector. The ∆(3n 2 ) flavor symmetry has three Z 2 subgroups 1, c n/2 , 1, d
n/2 and 1, c n/2 d n/2 if n is divisible by 2. Since different pair of residual symmetries related by similarity transformation lead to the same predictions for the lepton flavor mixing. Without loss of generality, the residual Z 2 flavor symmetry of the neutrino sector can be chosen to be G ν = 1, c n/2 . The residual CP transformation X ν in the neutrino sector should be compatible with the residual flavor symmetry symmetry G ν = 1, c n/2 , and the following consistency equation must be satisfied
Moreover, X ν should be a symmetric unitary matrix otherwise the light neutrino mass would be partially degenerate [14, 22] . In the following, we shall investigate the remnant CP transformation X ν for the generalized CP transformation defined by the automorphisms u 1 , u 2 and u 3 one by one, and the predictions for the PMNS matrix and the lepton mixing parameters would be presented. Firstly we impose the generalized CP symmetry corresponding to the automorphism u 1 onto the model. Then only the three-dimensional representation 3 (k,k) can be present. The left-handed lepton doublets are embedded into a triplet 3 (1, 1) which form a faithful representation of ∆(6n 2 ) if n is not divisible by 3. Solving the consistency equation of Eq. (33), we find that the residual CP transformation X ν is ρ 3 (1,1) (c γ d zn/3 )X u 1 , where γ = 0, 1, . . . , n − 1, and z = 0 for n = 3 Z and z = 0, 1, 2 for n = 3 Z. The invariance of the neutrino mass matrix m ν under the remnant flavor symmetry ρ 3 (1,1) (c n/2 ) and the residual CP transformation X ν implies
Then m ν is fixed to be
where θ, m 11 , m 12 and m 33 are real parameters. The neutrino mass matrix m ν is diagonalized by the following unitary matrix
Therefore the lepton flavor mixing matrix is constrained by the remnant symmetry to be
where Q ν is a diagonal matrix with non-vanishing entry ±1 or ±i, it sets the light neutrino masses being positive, and it can shift the Majorana phases by π. The parameters ϕ and ρ are given by
We see that the second column of the PMNS matrix is (1, 1, 1) T / √ 3, and therefore it is trimaximal mixing. The lepton mixing parameters read as
Therefore both Dirac CP phase δ CP and one of the Majorana phase α 31 are conserved, and the value of another Majorana phase α 21 is equal to −6π(s − t + γ)/n or π − 6π(s − t + γ)/n. Hence α 21 (mod 2π) can take the discrete values 0, if n is divisible by 3 with n = 3n . Since all the three mixing angles θ 12 , θ 13 and θ 23 depends on a single common parameter ϕ, they are strongly correlated as follows 3 sin 2 θ 12 cos 2 θ 13 = 1, sin
Given the precisely measured reactor mixing angle 1. 
These predictions can be tested in near future neutrino oscillation experiments. Subsequently we proceed to consider the generalized CP symmetry corresponding to the automorphism u 2 . The model can only contain the triplet representations 3 k,n−k . The left-handed lepton doublets are assigned to a three-dimensional representation 3 (1,n−1) which always gives rise to a faithful representation of ∆(3n 2 ). The residual CP transformation is determined to be X ν = ρ 3 (1,n−1) (c γ d 2γ )X u 2 with γ = 0, 1, . . . , n − 1. The light neutrino mass matrix is constrained by the remnant symmetry to be of the following form
where m 11 , m 12 , m 33 and θ are real. The unitary transformation U ν reads
Consequently the PMNS matrix is of the same form as Eq. (38), and the parameters ϕ and ρ are
The predictions for the lepton mixing parameters are given in Eq. (40). The measured value of the reactor angle θ 13 can be achieved for appropriate values of θ. The correlations among the mixing angles are shown in Eq. (41). The analytical expression for the Majorana phase α 21 is 2π(s + t + 3γ)/n or π + 2π(s + t + 3γ)/n. Hence α 21 can take the discrete values 0, 2π/n, 4π/n, . . . and 2π − 2π/n no matter whether n can be divisible by 3 or not. Note that this type of remnant symmetry also appears in the context of ∆(6n 2 ) family symmetry with generalized CP [40, 42] , and it corresponds to the case IV of [42] . We have checked that the same results are obtained here. Now we turn to the third kind of generalized CP transformation defined by the automorphism u 3 . It maps each three-dimensional representation into its complex conjugate representation such that all three-dimensional representations can be present. The lepton doublet fields are assumed to transform as 3 (1,n−1) which is a faithful representation of ∆(3n 2 ) for any value of n. The Z 2 residual flavor symmetry G ν = 1, c n/2 can be combined with the CP transformation X ν = ρ 3 (1,n−1) (c γ d δ ). This case has been discussed in [40] , it is also permissible in ∆(6n 2 ) and generalized CP [40, 42] , and it is exactly the case III of [42] . The light neutrino mass matrix can be derived from the assumed residual symmetries as follows
where m 11 , m 22 , m 23 and m 33 are real. The unitary transformation U ν which diagonalizes this neutrino mass matrix is given by 
The light neutrino mass eigenvalues are
Then the PMNS matrix is still of the trimaximal form
where
which can take the values
The lepton mixing parameters are determined to be
,
cos 2 θ cos 2ρ + sin 2 θ cos 2 (ρ + ϕ) − sin 2θ cos (2ρ + ϕ) , tan α 31 = 4 cos 2θ sin 2ϕ −1 + 3 cos 2ϕ + 2 cos 2 ϕ cos 4θ ,
where α 31 = α 31 −2δ CP . The solar angle and reactor angle are related by 3 sin 2 θ 12 cos 2 θ 13 = 1 such that sin 2 θ 12 > 1/3 is fulfilled. Notice that the PMNS matrix is determined up to possible permutations of rows and columns since both the neutrino and charged lepton mass orders can not be fixed by residual symmetry. If the second and third rows of the PMNS matrix in Eq. (50) are exchanged, θ 23 and δ CP become π/2 − θ 23 and π + δ CP respectively while the remaining mixing parameters keep intact. The three CP rephasing invariants J CP , I 1 and I 2 are given by
cos 2θ sin 2ϕ,
where J CP is the Jarlskog invariant [46] ,
sin 2θ 12 sin 2θ 13 sin 2θ 23 cos θ 13 sin δ CP .
The remaining two invariants I 1 and I 2 are related with the Majorana phases and they are defined as [47, 48, 49] , Here we use the data from the global fit in [4] . The two panels differ in the permutation of the second and the third row of the the PMNS matrix.
Moreover, we see that the Majorana phase α 21 depends on ρ, ϕ and the continuous parameter θ while all the three mixing angles θ 12 , θ 13 , θ 23 and the remaining CP phases δ CP , α 31 only depend on ϕ and θ. The permissible regions of ϕ and θ allowed by the measured values of the mixing angles sin 2 θ 13 , sin 2 θ 12 and sin 2 θ 23 at 3σ level are displayed in Fig. 1 . It is remarkable that the best fit values of θ 13 and θ 23 can be achieved simultaneously, and the tightest constraint arises from the reactor angle θ 13 . The relative smallness of θ 13 leads to (ϕ, θ) (0, 3π/4), (π, π/4), (2π, 3π/4) .
The contour plots for | sin δ CP | and | sin α 31 | are shown in Fig. 2 . Since the sign of sin δ CP and sin α 31 would be reversed if the lepton fields are assigned to 3 n−1,1 instead, their absolute values are presented. Notice that almost any value of δ CP can be achieved in the regions where all three mixing angles are within the experimentally favored 3σ range.
In the same fashion, we can study the phenomenological predictions of the remaining generalized CP listed in Table 1 in the case of n = 3 Z. For the CP transformations corresponding to the automorphisms u 4 and u 5 , only the irreducible representations 1 r,0 and 3 (k,k) with r = 0, n/3, 2n/3 can be present. However, we can not find a symmetric remnant CP transformation X ν such that the restricted consistency condition of Eq. (33) is fulfilled for k = l = 1. As a result, the lepton mixing is constrained by the remnant flavor symmetry to be the trimaximal pattern but no predictions on the three CP phases δ CP , α 21 and α 31 can be extracted [50, 51] .
The CP transformations corresponding to u 6 and u 7 can be consistently defined if a model only contains the representations 1 r,0 and 3 (k,n−k) with k = 0. The residual CP transformation is
respectively. The three lepton doublet fields are assumed to transform as 3 (1,n−1) . The PMNS matrix is found to be of the same form as Eq. (38) , and the parameters ρ and ϕ are
As a result, the lepton mixing parameters are still given by Eq. (40). The Majorana phase α 21 is equal to 2π(−1 + s + t + 3γ)/n and 2π(−2 + s + t + 3γ)/n up to π respectively. It can take the values of 0, 2π/n, . . . , 2π − 2π/n. We conclude that the same predictions for the lepton mixing as the case of u 2 are obtained. For the CP transformations associated with the automorphisms u 8 and u 9 , any triplet representation can be present. The remnant CP transformation compatible with the residual flavor symmetry
The left-handed lepton doublet fields are embedded into a faithful three-dimensional representation 3 (1,n−1) . We find that the lepton mixing matrix takes exactly the same form as Eq. (50) with
The analytical expressions for the lepton mixing parameters and rephasing invariants are still given by Eq. (53) and Eq. (54). For the remaining two automorphisms u 10 and u 11 , the model can only contain the unit representation 1 0,0 and the triplet representation 3 n 2 , n 2 with even n, if the corresponding CP transformation is imposed as a symmetry. The representation matrices of the generators c and d are given by
which yields ρ 3 n 2 , n 2
is not a faithful representation of ∆(3n 2 ) for n > 2, and all the representations matrices form an A 4 group. The same lepton mixing patterns as those of A 4 flavor symmetry would be predicted.
Conclusion
In the present paper, we have studied the possible lepton mixing patterns which can be achieved from the ∆(3n 2 ) family symmetry and generalized CP. Since the ∆(3n 2 ) groups don't have class-inverting automorphism except the two lowest order ones ∆(3 · 1
2 ) ∼ = Z 3 and ∆(3 · 2 2 ) ∼ = A 4 , in generic settings it is not possible to define a proper generalized CP transformation compatible with the ∆(3n 2 ) family symmetry. However, if a specific model contains only a subset of irreducible representations which are mapped into their complex conjugates under the action of an automorphism u, then one can impose the generalized CP transformation corresponding to u being a symmetry. By scrutinizing the consistency equations for the generators a and c, in the case of n = 3 Z, we find it is sufficient to consider only three types of automorphisms u 1 , u 2 and u 3 with (a, c)
and (a, c) u3 −→ (a, c −1 ). The required field content and the explicit form of the corresponding CP transformations are identified. In the case of n = 3 Z, an additional eight generalized CP transformations could be introduced, as shown in Table 1 .
For each possible generalized CP transformation, we have studied the mixing patterns arising from the residual symmetry G l = Z 3 in the charged lepton sector and Z 2 × CP in the neutrino sector. We find that the PMNS matrix is always predicted to be the trimaximal pattern. As a consequence, the sum rule 3 sin 2 θ 12 cos 2 θ 13 = 1 is fulfilled and the solar mixing angle has a lower limit given by sin 2 θ 12 > 1/3 which can be tested in near future neutrino oscillation experiments. To be specific, if the generalized CP transformations relate to automorphisms mapping the generator a into n 2 C 2 or
with τ = 0, 1, 2, the PMNS matrix would be of the form of Eq. (38) . Three mixing angles are strongly correlated, both the Dirac phase δ CP and the Majorana phase α 31 are conserved while another Majorana phase α 21 can take a set of discrete values. For the CP transformations defined by automorphisms mapping the generator a into n 2 C 3 or
3 , the PMNS matrix is fixed to be of the form of Eq. (50) , where the expressions for ϕ and ρ vary with the residual symmetries. In this case, all the three CP phases depend on the free parameter θ. They can be neither trivial nor maximal.
Finally we have discovered that the mixing patterns presented here for ∆(3n 2 ) are identical to those which have been obtained in the semidirect approach for the ∆(6n 2 ) family symmetry [40, 42] . The residual symmetries analyzed for the CP transformations corresponding to the automorphisms u 2 and u 3 are identified as the cases IV and case III of [42] respectively. We emphasise that this identification is a new result that has not appeared in the literature until now. For the most interesting automorphism u 3 , leading to non-trivial Dirac CP phase, corresponding to Eqs. (50) , (53), we have presented the results for the first time as contour plots in the plane of θ and ϕ, as shown in Figures 1, 2. transforming as 3 0,0 , it can be reducible into three singlet 1 0 , 1 1 and 1 2 , i. e., we have 3 (0,0) = 1 0 ⊕ 1 1 ⊕ 1 2 with 1 r = ϕ 1 + ω −r ϕ 2 + ω r ϕ 3 , with r = 0, 1, 2 .
For example, in the case of (k , l ) = (−k, −l), the first triplet 3 k + k l + l is absent and it is replaced by three singlets α 1 β 1 + α 2 β 2 + α 3 β 3 , α 1 β 1 + ω 2 α 2 β 2 + ωα 3 β 3 and α 1 β 1 + ωα 2 β 2 + ω 2 α 3 β 3 instead.
(ii) n = 3 Z
• 1 r,s ⊗ 1 r ,s = 1 r+r (mod 3), s+s (mod 3)
1 r+r (mod 3), s+s (mod 3) = αβ . is fulfilled.
For a generic triplet field ϕ = (ϕ 1 , ϕ 2 , ϕ 3 ) T transforming as 3 sn/3,sn/3 , it can be reduced into three singlet 1 0,s , 1 1,s and 1 2,s with 3 sn/3,sn/3 = 1 0,s ⊕ 1 1,s ⊕ 1 2,s ,
where 1 r,s = ϕ 1 + ω −r ϕ 2 + ω r ϕ 3 , with r = 0, 1, 2 .
For example, in the case of (k , l ) = (−k, −l) = (0, ±n/3), (∓n/3, 0) or (±n/3, ∓n/3), one obtain nine one-dimensional representations from the product of two triplet as follows, 1 r,0 = α 1 β 1 + ω −r α 2 β 2 + ω r α 3 β 3 , 1 r,1 (or 1 r,2 ) = α 2 β 1 + ω −r α 3 β 2 + ω r α 1 β 3 , 1 r,2 (or 1 r,1 ) = α 3 β 1 + ω −r α 1 β 2 + ω r α 2 β 3 .
